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We discuss the freedom available in hybrid loop quantum cosmology to define canonical variables for the matter content and investigate whether this can be used to derive a quantum field theory with good properties for the matter sector. We study a primordial, inflationary, cosmological spacetime with inhomogeneous perturbations at lowest non-trivial order, and focus our attention on the contribution of minimally coupled fermionic perturbations of Dirac type. Within the framework of the hybrid quantization, we analyze the different possible separations of the homogeneous background and the inhomogeneous perturbations, by means of canonical transformations that mix the two separated sectors. These possibilities provide a family of sets of annihilation and creation-like fermionic variables, each of them with a different associated contribution to the total Hamiltonian. In all cases, imposing the quantum constraints and introducing a Born-Oppenheimer approximation, one can derive a Schrödinger equation for the fermionic part of the wavefunctions. The resulting evolution turns out to be generated, for each of the allowed choices of variables, by a version of the fermionic contribution to the Hamiltonian which is obtained by evaluating all the dependence on the homogeneous geometry at quantum expectation values. This equation contains a term that encodes the backreaction of the fermionic perturbations on the quantum dynamics of the homogeneous sector. We analyze this backreaction by solving the associated Heisenberg evolution of the fermionic annihilation and creation operators. Then, we identify the conditions that the choice of those operators must satisfy in order to lead to a finite backreaction. Finally, we discuss further restrictions on this choice so that the fermionic Hamiltonian that dictates the Schrödinger dynamics is densely defined in Fock space.
I. INTRODUCTION
In conventional quantum theories of matter fields, one employs, in one way or another, some type of renormalization or regularization procedure to obtain physically acceptable results. Such techniques are specially well-understood when it comes to (perturbatively) describe the non-gravitational interactions contained in the standard model of particle physics. Nonetheless, the issue exceeds this traditional framework in high energy physics. Actually, divergences become even more severe when one considers matter fields propagating in generally curved spacetimes, as it is allowed by Einstein's theory. In those cases, one usually considers that the matter fields are coupled gravitationally to the spacetime, which is viewed as a classical entity. Besides, one frequently neglects the contribution of the fields to the dynamics of the spacetime geometry itself. In such scenarios, infinities generically arise in the quantum theories that describe the matter fields. This problem has been studied in depth over the last decades (see, e.g., Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] ), and it is commonly believed that the reasons behind it can be traced to the treatment of the spacetime as a classical, continuum background 1 . In particular, this type of spacetime description triggers the appearance of illdefined products of field operators, which typically include the building blocks of the free field Hamiltonian in the considered background (and thus of the energy in stationary situations).
Despite the considerable effort devoted to develop covariant renormalization techniques, even for free fields in curved spacetimes, one could be tempted to believe that, instead of recurring to those schemes for the "substraction of infinities", a formalism that satisfactorily accounts for the presumable quantum nature of the spacetime would be able to prevent the occurrance of divergencies in the first place. In this sense, the role that a theory of quantum gravity might play in surpassing the limits of predictability of our current theoretical models could be two-fold, actually, because it might also cure the problem of formation of spacetime singularities that is intrinsic to classical general relativity [12] .
A promising candidate for the quantization of Einstein's theory is the nonperturbative and canonical formalism known as loop quantum gravity [13] . To make direct contact with physically feasible models, the techniques developed in this formalism have been used, suitably combined with more conventional Fock quantization methods, in order to describe certain types of inhomogeneous spacetimes quantum mechanically. This procedure has been given the name of hybrid quantization, and it has been primarily applied to cosmological scenarios [14] [15] [16] [17] [18] . Essentially, this hybrid approach is based on a convenient splitting of the cosmological phase space into two sectors: a purely homogeneous one, that is represented in a quantum mechanical way by employing methods that are inspired in loop quantum gravity, and an inhomogeneous sector, for which a suitable Fock representation is adopted. In fact, the application of loop quantum gravity techniques to the quantization of homogeneous cosmologies, often known as loop quantum cosmology [19] [20] [21] , has been shown to lead to a quite general resolution of the cosmological singularities predicted by general relativity [22, 23] . Remarkably, the Big Bang singularity is replaced with a bounce in the trajectories followed by the peaks of a wide class of quantum states in the homogeneous cosmologies studied so far in the literature (see, e.g., Refs. [24] [25] [26] ).
The hybrid quantization approach extends to inhomogeneous models the expectation that, with a loop quantum cosmology representation of the homogeneous sector of the geometry, one should be able to solve (at least) the most severe singularities of a genuine cosmological nature. At the same time, this hybrid strategy gives hopes for the possibility that a suitably chosen Fock representation for the inhomogeneous sector of the phase space may complete the quantum description of the system in a divergence-free way. This possibility is motivated by the existing freedom in performing canonical transformations within the entire phase space, transformations that assign different dynamical roles to the homogeneous sector of the system and to the rest of matter and gravitational degrees of freedom. Indeed, these transformations change the part of the total Hamiltonian (constraint) that, while retaining the coupling with the homogeneous sector, generates the dynamics of the inhomogeneous, field-like degrees of freedom. Given that each sector of the phase space is quantized in a different type of representation, it is then possible that a suitable choice of canonical transformation and Fock representation for the inhomogeneities may yield a quantum description that is free of the divergences that would otherwise appear in standard quantum field theory in curved spacetimes. In particular, this procedure would allow us to handle properly (at least certain forms of) the matter-geometry backreaction in a quantum mechanical way.
The aim of this work is to provide solid ground for our expectations by showing, in a specific cosmological system, that one can attain such a well-defined quantum hybrid description without the need of any regularization. The case that we are going to discuss here is an inflationary homogeneous and isotropic cosmology in the presence of Dirac fermions, considered as perturbations. The hybrid quantization of this system was introduced in Ref. [27] , allowing also for the presence of scalar and tensor perturbations of the metric and of the inflaton field, and after truncating the action at second order in all the perturbations. As far as the Dirac perturbations are concerned, the splitting of the (truncated) phase space adopted in that reference was inspired by the pioneer work in Ref. [28] about fermions in quantum cosmology, developped in the context of quantum geometrodynamics. It was seen in Ref. [27] that, by adopting a separation of variables between the homogeneous part of the geometry, on the one hand, and the inhomogeneities, on the other hand, in the dependence of the quantum states (separation that can be viewed as a kind of Born-Oppenheimer ansatz in which the inflaton field plays the role of an internal time), it is possible to derive a quantum evolution for the fermionic perturbations that is ruled by a Schrödinger-like equation. Actually, the resulting dynamics is generated by the fermionic contribution to the total Hamiltonian (constraint), converting the coupling of the fermionic perturbations with the homogeneous geometry into expectation values of the corresponding geometric operators. In addition, the expectation value of this total Hamiltonian supplies information about the backreaction of the fermions (and of the rest of perturbations) on the homogeneous background. This information is given by the difference between the average of two operators on the homogeneous part of the state, difference that tells us whether such a quantum state is an exact solution of the unperturbed model or not. It was then proven in the cited work that the discussed evolution of the fermionic perturbations can be implemented unitarily in Fock space. Furthermore, explicit solutions were found by constructing an evolution operator and evolving the fermionic vacuum with it. However, it was shown that the mentioned Hamiltonian contribution of the fermionic degrees of freedom intrinsically leads to divergences (of an ultraviolet nature), with an infinite backreaction, unless one introduces a convenient regularization procedure.
In this article, we will present an alternative and, at the same time, rather generic description of the system that resolves the problem of the divergences encountered in Ref. [27] . We will do so by employing in our benefit the commented freedom in adopting different dynamical splittings between the homogeneous geometric background and the fermionic perturbations, related by canonical transformations. It will suffice to restrict our discussion to choices of annihilation and creation-like variables for the fermionic fields such that, when the spacetime background is considered to be classical and the fermions are treated in the context of quantum field theory in curved spacetimes, the quantum dynamics becomes unitarily implementable in Fock space (while being non-trivial according to the evolution dictated by the Dirac equation) [29] . It has been shown that all such variables define unitarily equivalent Fock representations of the Dirac field, once a convention for the notions of particles and antiparticles has been set [29] . In fact, the variables introduced in Ref. [28] and then used in Ref. [27] satisfy this unitarity condition. We will characterize here the set of such annihilation and creation-like variables for which the description of the system is free of the divergences of standard quantum field theory. From a conceptual viewpoint, this result may have important implications. Moreover, it will shed light on the problem of the choice of a unique vacuum for the Dirac field in quantum cosmology (among all those available in our unitary class of Fock representations) with good physical properties.
The structure of the paper is the following. In Sec. II we will summarize the description of the classical system presented in Ref. [27] , and then introduce a more general class of annihilation and creation-like variables for the Dirac field than those adopted in that reference. With those definitions at hand, we will compute the Hamiltonian that generates the associated fermionic dynamics. We will start Sec. III with a brief review of the procedure to derive the corresponding Schrödinger equation for the fermionic degrees of freedom, after adopting a kind of Born-Oppenheimer ansatz for the physical states. In addition, we will analyze the ultraviolet properties of the fermionic dynamics and deduce the conditions that the annihilation and creation-like variables must fulfill in order that their backreaction be finite. Finally, we will further impose that the Hamiltonian that drives this evolution be a well-defined operator on the fermionic vacuum and, as a consequence, a densely defined operator in Fock space. We will conclude in Sec. IV with a summary of our results and a brief outlook.
II. THE CLASSICAL SYSTEM
In this section we will use the conventions and notation of Ref. [27] . We refer the reader to that work for specific derivations and formulas. The starting point for the construction of the system is a Friedmann-Lemaître-RobertsonWalker (FLRW) spacetime with flat and compact spatial hypersurfaces (isomorphic to a three-torus, T 3 ). We employ spatial coordinates adapted to the homogeneity. The matter content will be given by a homogenous scalar field subject to a potential (that, classically, would play the role of the inflaton), and a Dirac field, both of them minimally coupled. The Dirac field will be treated entirely as a perturbation. Besides, we can introduce perturbations of the metric and of the scalar field, as discussed in Refs. [27, 30, 31] .
More specifically, we truncate our perturbed system so that its Einstein-Dirac action is at most quadratic in all the perturbations [28, 32] . Our canonical formulation is obtained from the symplectic structure and from the Hamiltonian associated with this truncated action. Within this truncation scheme, and regardless of the consideration or not of additional perturbations, the Dirac field couples exclusively to the homogeneous tetrad that describes the FLRW sector of the cosmology, because the Dirac action is already quadratic in the fermionic field. This fact immediately implies that the fermionic degrees of freedom are gauge invariant, at the considered perturbative order. Namely, they commute under Poisson brackers with the linear perturbative (Hamiltonian and diffeomorphisms) constraints of the relativistic system. On the other hand, together with an Abelianization of these linear perturbative constraints and suitable momenta of them, it is possible to construct a completely gauge-invariant parameterization of the sector of the phase space that contains the physical information about the metric and scalar field perturbations, as explained in Refs. [30, 31] . In particular, this information can be encoded in a set of variables that consists of the well-known tensor and Mukhanov-Sasaki gauge-invariants [33] [34] [35] [36] [37] . To arrive at this description of the perturbations, one introduces linear transformations on the original perturbative variables, transformations which depend on the homogeneous sector of the phase space. It is then possible to complete the change of variables to include this homogeneous sector as well and obtain a canonical set for the entire system, again at the considered truncation order in perturbations. As a result, the new canonical variables for the homogeneous degrees of freedom acquire a (spatially integrated) correction which is quadratic in the metric and inflaton perturbations. In the case of the Dirac field, given its consideration as a perturbation and the fact that its contribution to the action is quadratic, one finds within our truncation scheme that the expression of the Dirac Hamiltonian in terms of the new homogeneous tetrads amounts just to a minimal coupling of the fermions directly with such new variables.
To exploit the spatial symmetries associated with the homogeneous foliation of the unperturbed sector of our model, that is, the FLRW cosmology, it is most convenient to expand the perturbations in spatial modes (of the LaplaceBeltrami or Dirac operators) on T 3 . For the fermionic content, in particular, each of the two chiral components of the Dirac field may be expanded in a complete set of eigenspinors of the Dirac operator on T 3 , after imposing the time gauge on the homogeneous tetrads (e.g., by considering a diagonal gauge) [28] . The spectrum of that operator is discrete and characterized by eigenvalues ±ω k = ±2π| k + τ |/l 0 , where l 0 is the compactification length of the tori, k ∈ Z 3 , and 2 τ can be any of the constant vectors that form the standard orthonormal basis of the lattice Z 3 and that characterize each of the eight possible spin structures on T 3 [38, 39] . Since ω k grows like | k| when this quantity tends to infinity, the density of states with eigenvalues in an interval (ω k , ω k + ∆ω k ] grows asymptotically as ω 2 k ∆ω k multiplied by a constant. We will call e −3α/2 m k and e −3α/2r
k , up to a multiplicative constant, the time-dependent coefficients of the eigenspinors with eigenvalues ω k and −ω k , respectively, in the expansion of the left-handed component of the Dirac field. Here, α is, up to an additive constant, the logarithm of the scale factor of the FLRW cosmology, once we have corrected it with quadratic contributions of the perturbations as we have commented above. Similarly, e −3α/2s k and e −3α/2 t k will respectively denote the coefficients, up to a constant factor, of the complex conjugates of the eigenspinors with eigenvalues ω k and −ω k in the expansion of the right-handed component of the Dirac field. All of these eigenspinor coefficients are taken as Grassmann variables [40] , in order to capture the anticommuting nature of the field. Besides, each of them forms a canonical pair with its complex conjugate, with a Dirac bracket (obtained after eliminating second-class constraints that relate the Dirac field with its momentum) equal to −i, and vanishing anticommutation relations with the rest of coefficients. Introducing these mode decompositions in the action, one obtains the fermionic contribution to the total Hamiltonian. This contribution is quadratic in the fermionic variables, and is given by a sum over all modes, which decouple from each other. It comes multiplied by the homogeneous lapse function N 0 , so we will call it N 0 H D . As expected, this fermionic term adds to the zero-mode of the Hamiltonian constraint, which is therefore the only constraint affected.
A. Instantaneous diagonalization of the Dirac Hamiltonian
As commented in the Introduction, and partially motivated by the work of D'Eath and Halliwell [28] , the following annihilation and creation-like variables were chosen in Ref. [27] for the description of the fermionic degrees of freedom:
where
correspond to annihilation-like variables for particles and creation-like variables for antiparticles, respectively. Besides, an overbar denotes complex conjugation, and we have defined
2) whereM = 2M π/(3l 3 0 ) is the mass M of the Dirac field up to a multiplicative constant [27] . Notice that then the square roots appearing in Eq. (2.1) are always well-defined and real. The variables (2.1) are distinguished (apart from irrelevant redefinitions among degenerate modes) by the fact that they diagonalize H D (if one ignores the k = τ mode 2 ). This diagonalization means that no term containing creation or annihilation of particle-antiparticle pairs appears in the resulting expression of H D . More specifically, if we call H k , with k = τ , each of the terms in the sum that forms H D , we get
where the sum over (x, y) is over the pairs (m, s) and (t, r). Although this diagonalization might seem appealing, it turns out that the introduction of these annihilation and creation-like variables gives rise to the appearance of an additional, non-diagonal, quadratic contribution to the fermionic part of the Hamiltonian of the system. This is due to the fact that the definition (2.1) is a background-dependent linear transformation of the fermionic mode coefficients, inasmuch as it involves the homogeneous variable α. In fact, it is not hard to see that the transformation is canonical when restricted to the fermionic sector of the phase space. However if, adopting the strategy of the hybrid approach, one wants a transformation that respects the canonical symplectic structure of the entire set of degrees of freedom at the considered order of truncation, then the momentum of α must be modified with the addition of a factor that is quadratic in the fermionic perturbations, according to our previous comments. If we callπ α this new canonical momentum, the expression of the total Hamiltonian in terms of the new canonical variables is funcionally the same as in terms of the old homogeneous ones, but with an additional sum over k of the following contributions [27] :
The coefficient of each of these "interaction" terms, that produce the creation and annihilation of pairs, decays asymptotically as ω
k . As shown in Ref. [27] , this asymptotic behavior is transmitted to the quantum theory [at least in regimes where the state for the homogeneous geometry experiences (almost) no transition mediated by the total Hamiltonian, so that the geometric information can be encoded in expectation values on this state]. This asymptotic behavior, together with the specific dependence on ω k , α, andM of the part of H k which is asymptotically dominant, is what at the end of the day guarantees that the fermionic quantum dynamics can be implemented unitarily in Fock space. Nonetheless, the fact that the discussed interaction terms decay as ω −1 k in the ultraviolet regime, and not faster, is precisely what leads to a possibly divergent backreaction on the state of the homogenous geometry. Indeed, such backreaction was seen to be a sum over k of terms of dominant order equal to ω −3 k , which is not absolutely convergent, given the quadratic growth of the density of states (see e.g. Refs. [41, 42] for additional details concerning the convergence of mode-dependent series in T 3 ).
B. Alternative choices of fermionic variables
In order to explore whether other choices of fermionic variables may elude the appearance of divergences in the quantum field theory treatment, in this section we will consider a rather generic family of alternative definitions of annihilation and creation-like variables for the Dirac field. For this purpose, we will exploit the freedom to perform linear canonical transformations of the fermionic variables that depend on the homogeneous background geometry. In doing it, we are contemplating the possibility of considering different dynamical splittings between the background geometry and the genuine fermionic degrees of freedom. This possibility comes naturally on stage when one aims at constucting a quantum mechanical description of the system as a whole, following a hybrid scheme in which the homogeneous sector of the phase space will be represented in a fundamentally different manner.
Obviously, when one adopts this perspective, the choice of fermionic variables is affected by a vast ambiguity. This ambiguity can be viewed as two-fold. On the one hand, there are certainly many ways of redefining the dynamical behavior of the fermionic excitations (and, correspondingly, of the cosmological variables) by plugging different dependencies on α and its momentum π α in the linear canonical transformations that define the fermionic variables. On the other hand, even after a dynamical splitting has been set, choices of fermionic annihilation and creation-like variables related by constant transformations can give rise to different, and in many cases inequivalent, Fock representations, each with its associated vacuum. Actually, both types of ambiguities can be analyzed simultaneously, restricting to choices that respect the dynamical decoupling between modes, by introducing generic annihilation and creation-like variables of the form
where, to satisfy the standard canonical anticommutation relations, one must have [27] 
being some (possibly background-dependent) phases. Clearly, the choice (2.1) is one of these many different sets of annihilation and creation-like variables.
Despite all the freedom allowed in the definitions (2.5), one can restrict the selection of annihilation and creation-like variables to a single privileged family of unitarily equivalent choices by imposing some physically desirable properties. In this sense, a satisfactory criterion is the imposition that the dynamics of the annihilation and creation-like variables can be implemented as unitary transformations in Fock space (for dynamics that are not rendered trivial with respect to the evolution dictated by the Dirac equation and when the Dirac field is treated as a test field propagating on the FLRW cosmology). This condition, together with the invariance of the vacuum under the continuous isometries of the toroidal sections of the homogeneous cosmology, and a standard convention for the notions of particles and antiparticles, indeed leads to a family of unitarily equivalent Fock representations [29] . Actually, the set of annihilation and creation-like variables defined in Eq. (2.1) belongs to this privileged family (this was precisely the motivation to adopt that set in Ref. [27] ). Going beyond this particular choice, which we recall that diagonalizes H D , it turns out that the family of fermionic variables (2.5)-(2.7) that satisfies the explained selection criterion is totally specified by the following asymtpotic behavior in the limit of large ω k :
More specifically, the sequence {θ
k ), where the symbol o(.) means asymptotically negligible with respect to its argument. In fact, given the asymptotic behavior of the Dirac eigenvalues and of their density of states, and hence the generic non-summability of the sequence ω
it is not hard to convince one-self that θ On the other hand, let us recall that both F k,(x,y) 2 and θ (x,y) k may be functions of the homogeneous FLRW variables (α, π α ). For the sake of concreteness in our analysis and adopting in the following the notation {h l } = {f l , g l }, with l = 1, 2, for any of the functions that determine the fermionic variables, we will restrict ourselves to functional dependencies such that 9) for integers n at least up to three (and where the derivatives act order by order in the asymptotic expansion for large ω k , at least for the relevant orders in our discussion). Here, a contribution is O(.) when it is of the asymptotic order of the corresponding argument (or smaller). Our restriction excludes, in particular, the possibility of absorbing in the
any of the dominant oscillations in conformal time that the Dirac field displays in the limit of large ω k when it is treated as a test field obeying the Dirac equation in a classical FLRW cosmology.
Similar to the situation found in the previous subsection, the family of annihilation and creation-like variables defined by Eqs. (2.5)-(2.7), together with condition (2.8), are obtained by means of an (α, π α )-dependent transformation that is canonical within the fermionic sector of the phase space. In order to be canonical in the entire truncated system, as desired e.g. in the hybrid quantization strategy, the geometric variables (α, π α ) of the homogeneous sector must be replaced with a new, corrected, canonical pair (α,π α ). Concretely, the corrections ∆α =α − α and ∆π α =π α − π α that determine these new variables are quadratic in the fermionic perturbations, and are given by [27] 
Taking into account the quadratic order of our perturbative truncation, one then concludes that the expression of the total Hamiltonian of the cosmological system in terms of these new variables can be obtained by directly substituting the new pair (α,π α ) in its functional dependence on (α, π α ), and replacing the Dirac Hamiltonian N 0 H D with
Here, V (φ) is (up to a multiplicative constant [27] ) the potential of the homogeneous inflaton field φ, and all the dependence of H D , ∆α, and ∆π α on the homogeneous pair (α, π α ) must again be evaluated at (α,π α ). In order to arrive at this corrected fermionic Hamiltonian, a well-controlled redefinition of the homogeneous lapse function must be performed, adding to it a sum over modes of certain terms that are quadratic in the fermionic perturbations [27] . Let us notice that, in terms of the family of annihilation and creation-like variables (2.5)-(2.
that relates the old variables {ȃ
} employed in Refs. [27, 28] with the more general family considered here. It is not hard to check that relations (2.6),(2.7) guarantee that this is indeed a Bogoliubov transformation in the fermionic phase space, so that in particular we have |κ 14) whereξ k stands for the result of replacing α directly withα in the definition (2.2) of ξ k . Besides, we recall that H D is the sum over all modes k = τ of the corresponding Hamiltonian term H k . Apart from the mentioned contributions to H D , interaction terms that cause the creation and annihilation of pairs in all modes will arise again from the corrections that are proportional to ∆α and ∆π α in the expression (2.12) of the fermionic Hamiltonian N 0HD . All those terms can be computed using equations (2.10) and (2.11) after imposing the asymptotic relations (2.8). Then, one can regard the resulting fermionic Hamiltonian as a sum over all k ∈ Z 3 of some functions N 0H k that possess a quite specific asymptotic behavior. One obtains
where we have defined
To avoid complicating the notation in excess, we denote the partial derivatives with respect to the homogeneous geometry evaluated at (α,π α ) directly by ∂α and ∂π α . Besides, h k D is a real function that, in the asymptotic regime of large ω k , is given by
In this asymptotic regime, we also have for k ∈ Z 3 ↑ , 18) while, for k ∈Z 3 ,
The function Max[., .] picks out the argument of dominant asymptotic order. To arrive to these expressions, we have made a convenient use of condition (2.9). Given the standard convention for the assignation of particles and antiparticles, this is the only relevant restriction that we impose on the family of annihilation and creation-like variables, apart from the physically appealing requirement of a quantum dynamics that is compatible with the symmetries of the homogeneous cosmology and is unitarily implementable, in the context of quantum field theory in curved spacetimes.
III. BACKREACTION TERM IN THE HAMILTONIAN
The asymptotic characterization that we have carried out of the fermionic partH D in the zero-mode of the Hamiltonian constraint allows for a rather general passage to the quantum theory, without the need to specify a particular choice of fermionic annihilation and creation-like variables [among those allowed by Eqs. (2.8) and (2.9)]. With that freedom in mind, we will now briefly summarize the hybrid quantization of the system and display the equations that result for the fermionic perturbations when one adopts a kind of Born-Oppenheimer ansatz for the quantum states. We recall that the phase space of the system has been split into the following sectors. First of all, there is the homogeneous background, with canonical variables that, after being perturbatively corrected, describe the homogeneous FLRW geometry and the homogeneous inflaton. Secondly, we have the information about the scalar and tensor perturbations, encoded in the tensor and Mukhanov-Sasaki gauge invariants, as well as in the linear perturbative constraints of the system, together with their canonical momenta. Finally, the fermionic degrees of freedom are characterized by variables of the form (2.5)-(2.7) subject to the conditions (2.8) [and (2.9)]. All of these sectors are jointly subject to the zero-mode of the Hamiltonian constraint, formed from the constraint of the unperturbed inflationary model (but evaluated now in the new, corrected, background variables) by adding to it terms that are quadratic in the gauge-invariant perturbations. In particular,H D provides the fermionic contribution to this global constraint. In the hybrid approach, one then adopts some suitably chosen quantum representations for each of the different sectors, each of them with its corresponding Hilbert or Fock space, and introduces some well-defined operator(s) on the resulting tensor product space to represent the constraint(s), imposed quantum mechanically. This is highly non-trivial, given the fact that the zero-mode of the Hamiltonian constraint mixes the homogeneous sector, which is provided with a quantum gravity-inspired representation, with all the rest.
In this work, we will not worry about the specific details of the representation chosen for the tensor and MukhanovSasaki perturbations, nor about their associated part of the zero-mode of the Hamiltonian constraint. It suffices to say that they are described with a suitable Fock representation (for additional details, see e.g. Refs. [27, 30, 43] ). As for the Abelianized, linear perturbative constraints, their imposition can be made straightforward, since they are part of the constructed set of canonical variables. They just restrict the quantum states not to depend on their canonical momenta, which are purely gauge degrees of freedom. The remaining sectors that are relevant for our study are then the homogeneous background and the fermionic perturbations. For the former, we will select a loop quantum cosmology-inspired representation [22, 25] . In short, this means that, instead of working with the canonical pair (α,π α ), one performs a canonical transformation to obtain a new pair that describes (up to corrections that are quadratic in perturbations) the physical volume of the universe V and its canonical momentum. This latter variable contains, in turn, the information about the Ashtekar-Barbero connection for the homogeneous sector. The volume variable and the complex exponentiation of its momentum are then the functions of the homogeneous geometry that are represented quantum mechanically, adopting what is known as a polymeric representation. It is common to construct it on a Hilbert space formed from eigenstates of the volume, with the discrete inner product [21] . We will denote this polymeric Hilbert space as H grav kin . On the other hand, for the inflaton field φ and its momentum we choose a standard Schrödinger representation, with Hilbert space given by the space of square integrable functions of the inflaton, L 2 (R, dφ). And for the fermionic perturbations we consider the Fock representation associated with any choice of annihilation and creation-like variables within the family defined by Eqs. (2.5)-(2.9). We call F D the corresponding Fock space. Besidesâ (x,y) k andb (x,y) † k will respectively denote the annihilation operators of particle excitations and the creation operators of antiparticle excitations, with their adjoints acting reversely. Let us recall that all the possible Fock representations chosen in this way are unitarily equivalent. However, as we have seen in the previous section, the fermionic Hamiltonian, and in particular its asymptotic tail in the mode decomposition with respect to the eigenspinors of the Dirac operator in T 3 , can experience significant changes when choosing different annihilation and creation-like variables in the considered family. It is this freedom what we will now exploit in order to see whether we can avoid the appearance of ultraviolet divergences in the quantum theory.
With the representation space fixed as the tensor product of all the mentioned spaces, the construction of an operator for the zero-mode of the Hamiltonian constraint involves some additional choices. For the representation of the nonpolynomic functions of the homogeneous variables that appear in the different contributions to the constraint, we refer the reader to the prescriptions listed in Refs. [27, 43] . It suffices to say here that it is possible to define them in such a way that the action of the constraint divides the space H grav kin into separable sectors (called superselection sectors) which provide a strictly positive lower bound for the homogeneous volume V [22] . On the other hand, we will impose normal ordering for the annihilation and creation operators that represent the Fock quantized perturbations.
A. Schrödinger and Heisenberg equations
In order to find solutions to the zero-mode of the Hamiltonian constraint, namely states that are annihilated by its (adjoint) action, we follow the strategy of Refs. [27, 30, 43] and adopt a convenient ansatz as follows. We consider states with a wavefunction in which the dependence on the homogeneous geometry and on each of the perturbative sectors can be factorized in a different term. On the other hand, all of these factors, that can be regarded as wavefunctions for each of the corresponding sectors, are allowed to depended on the homogeneous inflaton, φ, which then plays the role of an internal time for the total system. We will generically call Γ(V, φ) the part of the wavefunction that contains the information about the homogeneous geometry, while ψ D (N D , φ) will denote the part with dependence on the fermionic degrees of freedom. The abstract notation N D refers to the occupation numbers of all the fermionic particles and antiparticles. Moreover, as an ingredient of our ansatz, we will restrict our considerations to normalized states Γ in H grav kin with a unitary evolution in φ, which furthermore is generated by a positive operatorĤ 0 :
Besides, the above generator is chosen so that the action of (Ĥ 0 ) 2 + ∂ 2 φ on Γ differs from the corresponding action of the constraint of the unperturbed FLRW cosmology at most in a quadratic contribution of the perturbations.
With this ansatz for the states, we impose the Hamiltonian constraint (conveniently densitized in the homogeneous volume). Then, if in the state Γ we can ignore any transition in the homogeneous geometry mediated by the action of our quantum Hamiltonian constraint, and the contribution of the perturbations to the momentum of the inflaton is negligible with respect to that of Γ (estimated as the expectation value ofĤ 0 ), we arrive at a collection of Schrödinger-like equations, with respect to φ, one for each of the partial wavefunctions of the system on the different perturbative sectors. For details about the calculations and involved approximations, we refer the reader to Refs. [27, 30] . Here we are interested in the equation that rules the evolution of the fermionic wavefunction ψ D with respect to φ. This equation was deduced in Ref. [27] for the particular choice (2.1) of annihilation and creation-like variables. Adapting the derivation to the family of fermionic variables considered here, we get
Here, the hat over classical observables indicates their corresponding representation as operators, according to the prescriptions of the works that we have already mentioned. Besides, the brackets . Γ stand for the expectation value in Γ, taken with respect to the inner product in H grav kin . Since the momentum of φ does not appear inH D , the right hand side of (3.2) represents a φ-dependent operator (or a family of operators labelled by φ, as one prefers) acting on the fermionic sector. Hence, one may interpret this operator as the (effective) Hamiltonian that generates the evolution of the fermionic degrees of freedom in the time φ. This Hamiltonian, H (Γ) D (φ), captures the most relevant features of the quantum background spacetime by means of the expectation values on Γ and the specific quantum representation of the geometry that is employed.
On the other hand, the function C (Γ) D (φ), added to similar contributions that arise from the scalar and tensor perturbations, provides the mean value in Γ of the difference between (Ĥ 0 ) 2 + ∂ 2 φ and the Hamiltonian constraint of the unperturbed model 3 [27] . Thus, it can be understood as the fermionic contribution to the quantum backreaction on the homogeneous background, inasmuch as the mentioned difference actually measures how much Γ departs from an exact solution of the unperturbed system.
Since the termH D is a sum over all possible fermionic modes, the Schrödinger equation (3.2) may be decomposed in a collection of individual equations, one for each of the modes. The fermionic contribution to the backreaction, C 
which is well-defined thanks to the the positivity ofĤ 0 and the lower positive bound on the volume in each superselection sector of loop quantum cosmology, we obtain the following Heisenberg equations, evaluated at η Γ = η:
where, in the asymptotic regime of large ω k ,
The factors h . Provided that our prescriptions for the representation of the homogeneous geometry promote real functions to (at least) symmetric operators, we have that
In addition, we assume that the state Γ is such that all the considered functions admit asymptotic expansions in the limit of inifinitely large ω k . The coefficients of these expansions will be expectation values in Γ of modeindependent operators. Actually, for our discussion, it will suffice that the expansions exist up to terms of the order of a certain inverse power of ω k .
The Heisenberg equations determine a family of annihilation and creation operators parameterized by different values η of η Γ , once one fixes as initial data at η Γ = η 0 the annihilation and creation operatorsâ (x,y) k andb (x,y) † k that 3 We notice here a typo in Ref. [27] , where C . In order to analyze the properties of that transformation, we will follow a strategy that is close to the one developed in Ref. [27] for the particular choice of variables (2.1). In the present and more general case, nonetheless, the analysis has some peculiarities that affect the asymptotic regime of large ω k . So, let us study in detail this asymptotic behavior.
We first introduce the following fermionic operators, motivated in part by the previous definitions (2.5)-(2.7) of the annihilation and creation-like variables and by the dominant asymptotic term in
Notice that f
2,k are both real functions for sufficiently large ω k , given the asymptotic behavior of ξ k , and they satisfy |f
2,k | 2 = 1. These newly introduced operators inherit the following dynamics from Eq. (3.4):
with the definitions
Here, the prime denotes the derivative with respect to η Γ and ℑ(.) is the imaginary part. Employing now the compact notation {ẑ k } = {x k ,ŷ − k−2 τ } and introducing the rescaled operatorsẑ k = (iH
k , these all turn out to satisfy the same second order equation:ẑ
whereω
It can be checked that two independent solutions of the linear differential equation (3.14) arez
where Λ l k are the solutions of the Ricatti equation
with initial conditions Λ l k (η 0 ) = 0. The corresponding independent solutions forẑ k , after undoing the scaling, are then given by z
], where
From now on, we will use a super-index or a sub-index 0 (in occasions preceeded by a coma) to denote evaluation at η Γ = η 0 . With the above independent solutions of the second order equation at hand, the relation betweenx
(or their adjoints) implied by the first order equations (3.10), and the relation of these operators with the annihilation and creation operators in the Heisenberg picture, we can readily derive the dynamical Bogoliubov transformation of the latter aŝ 20) where the alpha and beta coefficients take the expressions
Here, we have defined
B. Unitarity and backreaction
The Bogoliubov transformation of the annihilation and creation operators that implements the Heisenberg dynamics dictated by Eq. (3.4) may be used to obtain solutions of the associated Schrödinger equation (3.2) [27] . In order to do so, nonetheless, it is necessary that the transformation admits a unitary implementation in the fermionic Fock space F D , for all values of initial and final times, η 0 and η. If this is the case, one can construct the unitary operator that integrates the Heisenberg equation. Evolving with it the Fock vacuum defined by the initial operators {â
one indeed arrives at a solution of the Schrödinger equation. Other solutions can be similarly found starting with the initial n-particle states.
Actually, the considered Bogoliubov transformation is unitarily implementable in Fock space if and only if the sequence {β k (η, η 0 )} k∈Z 3 is square summable [44, 45] . This summability exclusively depends on the asymptotic behavior of the beta coefficients, in the regime of large ω k , provided that they are regular in their dependence on η and η 0 for all k ∈ Z 3 . This should be the case with the adopted loop representation of the homogeneous geometry (and suitable operators prescriptions), assuming that θ (x,y) k is taken as a smooth function of the geometric degrees of freedom. Therefore, we are interested in the asymptotic behavior of all functions and quantities appearing in Eq. (3.22) . On the one hand, as it was shown in Ref. [27] , we havẽ
where we recall that M is the bare mass of the Dirac field. Then,
On the other hand, from the asymptotic behavior of h 27) and therefore , given in Eq. (3.18) . It is not difficult to see that, provided condition (2.9) holds for second order derivatives, all the contributions to those functions are of asymptotic order O(1), except possibly for |H (Γ) k | 2 . For this specific quantity, a look at Eq. (3.28) reveals that one gets a contribution that may grow as
. Recalling the characterization of the possible asymptotic behavior allowed for θ (x,y) k , described in the previous section, we have the following scenarios: 30) similarly as it happened in Ref. [27] . This can be checked by solving Eq. what gives a growing contribution in the asymptotic regime of large ω k , as can be seen from definition (3.18) . It follows that one may again compute the solutions of the linear part of the Ricatti equation (3.17) , that we will call λ l k , with vanishing initial conditions. In this way, one finds 32) where γ k does not depend on l. Therefore, in particular, in the asymptotic regime of large ω k ,
Employing all this asymptotic information, we can easily show that the alpha and beta coefficients (3.21) and (3.22) have the following behavior for infinitely large ω k :
where we have defined, with l = 1, 2,
Then, in all cases, we have that A comment is in order at this point. In our previous analysis, we have assumed that H (Γ) k = 0. If this were not the case, it is not hard to convince oneself that the beta coefficients of the dynamical Bogoliubov transformation would be of the same asymptotic order as ω k ) turned out to be square summable. Therefore, the Heisenberg dynamics would also be unitarily implementable in this particular case. Taking this into account, our following analysis about the backreaction can be applied to all possible scenarios.
Once that we have confirmed the unitarity of the Heisenberg dynamics determined by our quantum expectation values over the homogeneous geometry, which do not even need to correspond to a background described by effective loop quantum cosmology, we can proceed to construct solutions of the associated Schrödinger equation (3.2) by evolving the initial Fock vacuum with the corresponding unitary operator. In order to do so, we will follow the strategy of Ref. [27] , conveniently generalized to the present situation but avoiding the repetition of redundant computations. First of all, given the asymptotic formula (3.34), it is most convenient to split the operator that implements the Heisenberg dynamics into the composition of two unitaries. The first one incorporates the dominant η Γ -dependent phase of the alpha coefficients, namely, it is the unitary operator associated with the Bogoliubov transformation
explained show that this happens if and only if one imposes conditions that are similar to the ones displayed in i-ii above, but demanding the stronger requirement of the summability of the sequences
, and {Max[ω
(3.48)
IV. CONCLUSIONS
In this work, we have investigated a possible procedure to avoid some of the typical divergences of quantum field theory in the context of hybrid loop quantum cosmology. Specifically, we have studied in detail the case of a Dirac field minimally coupled to an inflationary cosmology. The Dirac field has been treated as a perturbation, including its zero-mode if there exists, and in general additional scalar and tensor perturbations have been permitted. In our perturbative scheme, the action of the system is truncated at second order in all the perturbations. After decomposing the inhomogeneities in suitable modes, defined on the spatial hypersurfaces of the homogeneous model, the resulting relativistic system is subject to the zero-mode of the Hamiltonian constraint, that in particular contains all the relevant fermionic contribution to the Hamiltonian, as well as to (an infinite mode collection of) perturbative constraints that are linear in the metric and scalar perturbations. At the considered quadratic perturbative order of our truncation, the time-dependent mode coefficients that describe the fermionic field are automatically gauge-invariant with respect to these perturbative constraints. Besides, the rest of the perturbations in the system can be described by means of a set of canonical variables that are formed by the well-known Mukhanov-Sasaki and tensor gauge-invariants, and by an Abelianized version of the linear perturbative constraints, together with all their momenta. The hybrid approach for the quantization of this cosmological system is based in a convenient Fock representation for each of the perturbative sectors of the phase space, combined with a less standard quantum gravity-inspired representation of the purely homogeneous degrees of freedom (that can be thought to describe an inflationary FLRW cosmology on their own), namely the representation employed in loop quantum cosmology.
We have focused our analysis on divergences that may arise in the quantum theory from the standard Fock treatment of the fermionic degrees of freedom. Actually, we have explored the possibility of avoiding that these infinities appear by taking into consideration the fact that it is the whole phase space of the cosmological system what has to be treated quantum mechanically in a hybrid way, rather than only the fermionic degrees of freedom, while the FLRW cosmology is maintained as a classical entity. As commented above, this means that each sector of the total phase space is given a qualitatively different quantum representation. This applies in particular to what one may call the homogeneous background sector and the Dirac perturbations. Within this context, it does not seem unnatural to question whether one may separate them in different ways, and thus assign different dynamical roles to each of these sectors. These different alternatives for the splitting can be realized in practice, without affecting the rest of scalar and tensor perturbations, by considering canonical transformations of the fermionic variables that depend on the homogeneous background. When these transformations are completed to be canonical for the entire system (at the considered perturbative order of our truncation), the Hamiltonian that generates the dynamics of the new fermionic variables changes with respect to the original one. We are then tempted to expect that, with an adequate splitting of the joint dynamics of the geometric FLRW degrees of freedom and the Dirac field, we may attain a satisfactory control of the divergences that arise from the quantum field theory representation of the fermionic variables in their corresponding Hamiltonian.
In more detail, here we have incorporated the freedom that exists in identifying the Heisenberg dynamics of the fermionic degrees of freedom, exploiting the different dynamical roles of the homogeneous background and of the fermionic perturbations, by introducing families of annihilation and creation-like variables that are obtained through background-dependent canonical transformations. The specific form of these transformations is a priori only restricted by the following physical consideration [and a mild condition on their dependence on the homogeneous degrees of freedom: see Eq. (2.9)]. They must define variables that, in the context of quantum field theory in classical curved spacetimes, possess a non-trivial dynamics that is unitarily implementable in Fock space. Besides, the associated Fock vacuum must be invariant under the classical symmetries of the Dirac-FLRW system, and define a standard convention for particles and antiparticles. These families of annihilation and creation-like variables turn out to determine unitarily equivalent Fock representations of the Dirac field. With such a generic collection of different descriptions for the fermionic degrees of freedom, we have computed the form of the resulting Hamiltonian that generates their dynamics. In particular, we have characterized its asymptotic tail, when it is expressed as an infinite sum in terms of the annihilation and creation coefficients of the spatial eigenmodes of the Dirac operator. This fermionic Hamiltonian has a non-trivial dependence on the resulting homogeneous sector of the cosmological model. In fact, after implementing the hybrid quantization procedure and adopting a kind of Born-Oppenheimer ansatz for the physical quantum states that are annihilated by the zero-mode of the entire constraint, one arrives at a fermionic Hamiltonian that is defined by means of expectation values over the homogeneous geometry, and that can be understood to generate a Schrödinger dynamics for the part of the states that encodes the information about the fermionic degrees of freedom. This Hamiltonian operator, which varies with the specific choice of annihilation and creation-like variables, generalizes the operator that would be obtained in quantum field theory on curved spacetimes, inasmuch as its dependence on the homogeneous background is not longer evaluated on a classical geometry, but replaced with the corresponding expectation values. We have carried out an asymptotic analysis, in the regime of large eigenvalues ω k of the spatial Dirac operator, of the Heisenberg dynamics associated with this fermionic Hamiltonian, and we have shown that it amounts to a Bogoliubov transformation of the annihilation and creation operators which is unitarily implementable in Fock space. The vacuum state, when evolved with the corresponding unitary operator, can be then seen to provide solutions of the Schrödinger equation with a very specific backreaction term that depends on the geometric expectation values that define the considered dynamics. This backreaction term can serve to measure (in mean value) how much the homogeneous part of the quantum states departs from an exact solution of the unperturbed inflationary model. With the obtained asymptotic information about the Heisenberg dynamics, we have been able to characterize the choices of annihilation and creation-like variables, in the family under consideration, that allow for a finite fermionic backreaction, without the need of introducing any regularization technique nor resummations of infinities based on a conditional convergence. Once we have guaranteed that the analyzed backreaction is well-defined, we have seen that, with some slightly more stringent conditions on our choice of fermionic variables, we can also ensure that the fermionic Hamiltonian is actually a rigorously defined operator in the dense subset of the Fock space spanned by n-particle/antiparticle states.
The relevance of our characterization of the families of fermionic annihilation and creation-like variables that prevent divergences within the hybrid framework of loop quantum cosmology can be seen two-fold. On the one hand, we have shown that, for an infinite number of modes, the canonical transformation that defines the fermionic variables must display a very specific asymptotic dependence on the homogeneous geometry, as well as on the mass of the Dirac field [see Eqs. (2.8) and (3.46) ]. This dependence in the ultraviolet regime of large ω k actually implies a severe restriction, in the quantum theory, about which part of the dynamical degrees of freedom of the system must be treated as geometric, and which part contains the information about the genuine fermionic excitations. On the other hand, it is clear that a specific characterization of the physically admissible annihilation and creation-like variables leads to a restriction on the choice of fermionic vacuum, among the infinitely many that are available (even when restricting all considerations to choices selected by the unitarity of the classical dynamics). In fact, the already mentioned, specific dependence on the homogeneous background of the transformations that define the fermionic variables has the effect of reducing the asymptotic order of the interaction terms in the corresponding fermionic Hamiltonian. One could think that a further restriction of the choice of fermionic variables, and therefore of their vacuum, is possible if one investigates even deeper the asymptotic tail of the Hamiltonian and tries to eliminate completely its interacting contribution. If this procedure were viable, the variables determined in this way for the description of the fermionic degrees of freedom would then diagonalize the resulting Hamiltonian, at least in the ultraviolet sector, and therefore might be thought to be optimally adapted to the quantum dynamics of the entire cosmological system.
